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computations show that this condition is fulfilled for M, < 1.3.
The fields of density and methane mass fraction obtained after ig-
nition and stabilization of combustion are plotted in Fig. 3. It can
be observed that combustionresults in an increase in the size of the
recirculationbubble and in an upstream displacementof the leading
shock of about 7 cm. These features could be due to the decrease
of the density and the dynamic turbulent viscosity u, = pv, and
thus to the corresponding change of the force balance acting on the
bubble.

IV. Conclusion

In this work, a technique to stabilize combustion within super-
sonic flows using a free recirculating bubble has been presented.
Although both the turbulence model and chemical kinetics mecha-
nism used here remain extremely simple, the overall features of the
flow are expected to stay unchanged when these approximationsare
refined for the sake of quantitative analysis. It is clear that the com-
putations performed here are unable to predict unsteady properties
of the system, such as vortex shedding or oscillations of the bub-
ble, that can play a significant role in the ignition and stabilization
capabilities of this system. Calculations to determine precisely the
role of different flow parameters on the stability limits of the free
recirculationbubble with combustionare now being performed. The
preliminary results presented here need to be extended to the case
of practical interest of a swirling jet.
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Introduction

HE modal expansion method has been found to be very use-

ful for modal synthesis, calculation of eigenvectorderivatives,
model correction, and reduction of dynamic models. Because there
exists numerical error due to truncation of modes, the precision
of the results sometimes is poor. To reduce the error of truncated
modes, a practicalcomplete modal space (PCMS) is developed. This
Note briefly describes successful applications of the PCMS in some
practical engineering areas. To satisfy the requirement in different
applications,the PCMS has been further improved.

In the PCMS method, some lower-order modes including rigid-
body modes are obtainedfrom solvingthe eigenequation.All higher-
order modes are replaced by the equivalenthigher-ordermodes that
are givenby usinga simple matrix projectionapproach. This replace-
ment means the entire contribution of the equivalent higher-order
modes is equivalentto that of the original higher-ordermodes. Also
the subspace spanned by the equivalent higher-order modes is di-
rectly equivalent to the subspace spanned by original higher-order
modes. The direct proof of equivalence between two subspaces
spanned by both the equivalent higher-order modes and original
higher-ordermodes is discussed in this Note.

With respect to the modal synthesis, the existing free-interface
method,' the fixed-interface method,? and the mixed-interface
method® are all approximately substructural coupling methods
based on an incomplete modal space. The accurate modal synthesis
methods*~% based on the PCMS method can give better precision of
any order of modes for assembly structure because the precision
of the Rize analysis is determined principally by the completeness
of the basis of the vector space. In the calculation of eigenvector
derivatives, Fox and Kapoor’ developed an incomplete modal ex-
pansion technique. Wang® improved the Fox-Kapoor method by
adding a static correction term to the modal expansion formula.
But their methods merely guarantee that the precision of the eigen-
vector derivatives of a few lower-order modes is good. Otherwise
a complete modal method” based on the PCMS theory can make
the precision of the derivatives of many higher-order modes ac-
curate. In regard to the reduction of a dynamic model, Kammer'’
proposed an incomplete modal method that can only guarantee that
some lower-order modes of the reduced model are exact inside the
frequency range of interest. Reference 11 makes available many
modes of the reduced model outside the range of interest. In the
field of model correction, Berman et al.,'> Berman and Wei,'? Zhang
and Li,'* and Kabe! developed various methods of model correc-
tion, which are based on an incomplete modal space. A complete
mode-type method was describedin Ref. 16. In the present method,
the PCMS formed by lower-order measured modes and equivalent
higher-ordermodes is arranged as the reference base. Based on this
referencebase, there are matrix-type,element-type, submatrix-type,
and design-parameter-type methods. The results from the matrix-
type and element-type methods based on the PCMS show that the
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lower-order and higher-ordereigenpairs of the modified model with
full matrices are the same as the measured and analytic eigenpairs,
respectively.!® This characteristicis included in the updated model
with band-state matrices.

The orthogonality between the column vectors of the equivalent
higher-ordermodes with respect to the mass matrix M and stiffness
matrix K does not exist. This will reduce the computational effi-
ciency when ;' and KC; ' are used in the computation. In addition,
this nonorthogonalitybehaviormay sometimes reduce the precision
for certain applications'! of PCMS theory. To make the equivalent
higher-order modes that are orthogonal to M and K, a triangular
decompositiontechnique and an orthogonalizationmethod are pre-
sented in this paper. The orthogonalizationmethod is based on an
improved form (called the optimal Gram-Schmidt orthogonaliza-
tion method) of the method mentioned in Ref. 17 and can make
the equivalenthigher-ordermodes be simultaneously orthogonal to
both M and K.

Practical Complete Modal Spaces and Equivalence
The eigenequation of a system with n degrees of freedom is

Ko, = »Mg;, i=1,2,...,n o8]

in which M is a positive definite mass matrix and K is a positive
semidefinite stiffness matrix. The terms A, = diag[A;, Ay, ..., Al
and ®; =[¢;, @2, ..., o] € R™* represent k numbers of lower-
order eigenpairs that are computed from Eq. (1) and satisfy
M @, = I and ®]K &, = A,. Thus, it is known that

M= &,d] + 0, D] )

in which ®, =[@c41, ..., 9,1 € R""(h=n —k) are mass-normal-
ized higher-order modes of Eq. (1). This is to say that ®IM &, =1
and ®TK &), = A,;,. Note that &, and A, =diag[As11, ..., 2,] do
not need to be calculated from Eq. (1). From Eq. (2) we have!8

O, OIM =1 — O, DM = ¥, (€ R"™") 3)

The rank of matrix (&, ®7 ) is &, and the rank of M is n; therefore,
the rank of matrix W, equals &, where h = n — k. This denotes that
there are only /# independent columns in the matrix ¥, although
these i independentcolumns are nonuniquein the matrix ¥, There
are always k dependent columns in the matrix W,. From the math-
ematical point of view, one can adopt any numerical technique to
eliminate k dependent columns from the matrix W, to obtain an
equivalent higher-order modal matrix W, € R™". The term ®, can
be substituted by W), to form PCMS [®;, ¥, ] (Ref. 18).

The equivalence between PCMS [®,, ¥, ] and the original com-
plete modal space [y, ®,] can be mathematically proven. The
demonstrationpresentedin Ref. 18 aims at the equivalencebetween
the entire contribution of both W, and ®,,. The previous mathemat-
ical proofis very powerful but not direct. In this Note, a new direct
mathematicalapproachis presentedto demonstratethe equivalence.
The vector space theory normally used in the linear algebrahas been
adopted here.

Let us assume two vector subspaces as shown in Egs. (4) and (5):

Vi = Span(®,) = Span(¢y, ¢2, - - -, ¢i) 4)
VZ = SPan(q:’h) = Span(¢k+ 1o Ph42s e gon) (5)

where ®; € R"* and ®, € R™". Obviously, V, and V, are mutually
orthogonal complement subspaces with respect to matrices M and
K, that is,

V =V ®V, = Span(®P, ®,), V=V 6)
in which V! representsthe orthogonalcomplementspace of V;. The
term V is a linear combination of the spaces with n dimensions.

Let P be defined as a projection of V along V| at V,; that is, if
yeV,y=a+B,a€V,and B € V,, then

Py)y=58 @)

When P indicates a projective matrix corresponding to P, one
should have

P[Py, @,] = [0, 4] ®)
In addition, from an orthogonal relationship
(@, @) M[D, 4] =1 ©
one can get
(@4, @,]7" = [®, D]"M (10)

Both the left- and right-hand sides of Eq. (8) are postmultiplied
by [®;, ®,]7! and [®y, ®,]"M, separately, so that the following
expression can be obtained:

P=0,0M=1-0,0M=1, (11)
Let us define another subspace V; as
V = Span(¥,) (12)

Because the rank(¥,,) = h, one knows dimV; = & = dimV,. Thus,
subspace Vj; is also an orthogonal complement subspace of Vi, that

is,
V =V, ® V; = Span(®;, ¥,), Vs=Vt (13)

in which W, is replaced by ¥,. Comparing Eqs. (6) and (13) indi-
cates that subspaces V, and V; are the same. One can conclude that
PCMS [®y, ¥, ] and the original complete modal space [®y, D]
are equivalent.

Orthogonalization Techniques
A. Triangular Decomposition Technique
Assume that A € R™" is a real symmetry matrix and rank(A) =
h < n.Matrix A can be decomposed as

A= BBT, B e R™ (14)

A=CCT, C e R (15)

in which rank(A) = rank(B) = rank(C) = h. A triangular decom-
positionprocedurefor obtainingthe matrices B and C was presented
in Ref. 5.

From Eq. (2), the equivalent higher-order mode matrix ¥, also
can be expressed as

U, =0,0 =M -, ®f (16)

Because v, shown in Eq. (16) is a real symmetry matrix and rank
(V) =h < n, ¥, can be decomposedas ¥, ¥ (i.e., ¥, =C) ob-
tained from Eqs. (14) and (15). Thus using Eq. (16) gives

v, =@, 17
The following orthogonality relationships can be proven:
UMY, =1, UMO, =0 (18)

Assume ¢ is an arbitrary column vector of ®;, and from Eq. (17)
one knows

WU Mg = ,d Mg =0 (19)
Let column vector ¢ = \I/dTMgo, and from Eq. (19) one gives
W,5=0 20)

Because all column vectors of W, are linear independent, from
Eq. (20) one obtains

p=VIMp=0 21

That is, \I/dTMd>k = 0 exists. Moreover, using Eq. (17) can establish
the following expression:

\I/d \I/dTM\I/d \deT = q)/,q);Mq)/,q); = q)/,q); = \de\lde (22)
Therefore one knows

WIMY, =1 = p, (23)
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The aforementioned ¥, is a new equivalent higher-order mode ma-
trix and is orthogonal with respect to M. However, W, still is not
orthogonalto K . The just stated decompositiontechniqueis efficient
when the computation only needs the inversed matrix s, '

B. Optimal Orthogonalizaqtion Method
In this section, the orthogonalizationprocess of ¥, is presented
based on an optimal Gram-Schmidt method.

1. Orthogonalization with Respect to M

Let W, indicate the result generated after the orthogonalization
of W, with respect to M. Define the following matrices with the
variable number as the column of the matrices:

U = (Y, Yo, .. Y] U =Y, Yo, .., Y] (24)

Both W, : and W, are defined by Eq. (24) W1th j = h.Note that When

J= 10" = =y when j =2, 0 = [y, Y]
that is, an arbitrary column of W, can be selected as the base Vector
of the orthogonalizationprocess.

Let (j + 1)th orthogonalized vector be

Vic1 =Y+ Ay (25)
Require
UMY =B TM@ o+ A ) =0 (26)
and

e=AYT, | A¥;, =min 27

Jj+1

The Lagrangian multiplier method is employed to solve the preced-
ing extreme value problem with the constraintconditionof Eq. (26).
Lagrangian function is defined as

L=e+22"[U "M@, 1+ AY; )] (28)

where o7 = (a1, o, ..., «;) indicates a Lagrangian multiplier
row vector. The following expression is found from §L/§

(AY;1)=0
AV =-MI o (29)
Embedding Eq. (29) into Eq. (26) gives
«= [BHT G0
Combining Egs. (25), (29), and (30) yields

Vinr = v~ MG WM My G

in which the dimension of the inversed matrix [W\”"M>W\/' ]! is
large as j approaches & — 1. To save the computing time to find
the inverse of the matrix, a procedure for solving the inverse of a
partitioned matrix should be utilized such that the known (j — 1) %
(j — 1) inversed matrix [‘~I/(’71 TMZ\IJ(’ ’]-! can be used. This
inversed matrix is already computed durlng the calculation of ¥ e

Clearly, the inversed matrix shown in Eq. (31) can be partitioned as
shown in Eq. (32):

pU-DTprgU-0D \FU-DTpm 7
S Ve YTy,
NS VNIV AR TTNI2.,
HIES VIM,

_|:A11 Alz:|1 (32)
Ay Axy

[ "] -

There are two different inversed matrices, A11 —[\IJ(’ T2
‘~IJ(’71 17" and (Ay — Ay Aj'Ap)~!, for calculating the inverse
of the partitioned matrix shown in Eq (32). The former is already
known, and the latter can be easily computed.

2. Orthogonalizationwith Respect to Both M and K
With the K -orthogonalizationcondition

3K+ AP L) =0 (33)

Eq. (33) canbe added to the conditionextreme value problem shown
in Egs. (26) and (27), in which U, denotes the result given after the
orthogonalization of W, with respect to M and K. Similar proce-
dures are adopted to yield

d’lﬂ Vi — {M‘I/(J) [K\TJ(J) _ M®(J)GX4IMGMK]

_ o= ()T = (/)
xHKII(GKM}GMl U, My, — [K\I/

M
MG G |HL 8 Ky (34)
in which
Hggx = Ggg — GKMG;;MGMK (35)
= (HT = (j) = ()T = (j)
GMM—\I/J MZ\I/J GMK—“IJJ MK“Ith

(36)
=~ ()T = () = ()
Gex =¥, K20, Gy =V KM

The term G;;M can be computed quickly by using the preceding
method for computing the inverse of the matrix. But computing
H;}( directly is tremendously time consuming. One can employ the
following approximation to increase the computational efficiency:

_ _ _ -1 _
HK11< = (1 - GKIKGKMGMIMGMK) GKIK ~ GKIK

+ G GyuGy Gk G (37)

Thus, H;K can be computed quickly because the procedure of cal-
culation of G’ e and GKK is similar to that shown in Eq. (32).
Afterthe orthogonalization, U, or \I/,, arenormalizedwith respect
to M to obtain an improved complete modal space [Py, U,] or
[®;, U, ]. The corresponding orthogonality conditions should be

(D, U 1"M[D, U)] = 1

A O (38)
[Py, \I/h] TK[D, \I/h] = diag 0 K

=T =
where K = W, KW, is a diagonal matrix.

Concluding Remarks

The PCMS theory has been investigated systematically and suc-
cessfully applied to many technical fields. It is concluded that any
techniquesthat can utilize the modal expansionprocedure will make
possible the use of the PCMS so that the accuracy of the results can
be increased. To satisfy the precisionrequirementin different appli-
cations, the PCMS method has been furtherimproved via an optimal
Gram-Schmidt orthogonalizationmethod and triangular decompo-
sition technique.
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Integrating Experimental Data
and Mathematical Models
in Simulation of Physical Systems
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Nomenclature

A = matrix with components G (x;, X,,)
B[] = boundary operator of mathematical model
b(-, ") symmetric form associated with boundary
operator B
= basis expansion coefficients
vector with components ¢,,
-] = mathematical expectation operator
= response of physical system
= arbitrary function exactly satisfying
boundary operator B

o
|

RO

f = hypersurface that gives global minimum of
Eq. (5)

fa = network response; numerical approximation
of f

Jfeor = correction of f, using experimental data

fe(x) = experimental measurements of F(x;)

£ = vector with components f, (x;)

Jo = response of mathematical model

fo = vector with components f;(x;)

G(,) = Green’s function of mathematical model
= algebraic function

oy
|
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1 = identity matrix

L[] = linear self-adjoined differential operator

I{-,-) = quadratic symmetric energy form associated
with L

p = weighting function

q = Lagrange multiplier function

RY = d-dimensional Euclidean space

R(@) = residual of Eq. (20)

s = parameter related to operator L, where s > 0

Varl-] = variance of a random variable

X = (xy,...,%;) = d-dimensionalspatial coordinate

o = regularization parameter where o > 0

B = set of general artificial neural network

parameters; set of basis function parameters
and basis expansion coefficients

Ag = radial basis function parameter

8() = Dirac delta function

8 =8(x —xj,x —x;)

0] = objective function

= radial basis function parameter

= positive constant

= smoothness-based Tikhonov regularization

functional

= noise of measurement

= arbitrary variable

positive constant

= basis function

energy functional of mathematical model

arbitrary functions

spatial domain of mathematical model

spatial boundary of mathematical model

norm in Sobolev space of order s

= inner product
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[

Ve eADIE
<
I

[ @)

=
. =0
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I. Introduction

HE goal of engineering analysis is to obtain a comprehensive

description of a physical system of interest. Three approaches
to this goal exist: theoretical analysis of mathematical models, phys-
ical experimentation,and computationalmechanics.! None of these
approaches is superior, and they should be used in combination.
Though it is known in the engineering community that successful
analyses rest upon the proper balance of all three approaches, few
attempts have been made in uniting experimental, theoretical, and
numerical methods in the literature. It is the objective of this Note
to develop a method that effectively combines all available infor-
mation, from both experimental data and mathematical models, in
the emulation of physical systems.

The technical approachutilizes a common tool borrowed from ar-
tificial neural network (ANN) applications, the theory of Tikhonov
regularization of ill-posed problems.? Specifically, the problem of
mathematicalanalysis of experimentaldata is treated as an ill-posed
problem. Its regularization involves the introduction of additional
informationregardingthe physicalsystem.Itis proposedthata priori
mathematical models of physical systems be utilized at appropriate
degrees of fidelity for regularization. The example problem is used
toillustratetwo major benefits of the approach: 1) to show the benefit
of employing a priori mathematical models of low degree of fidelity
for extrapolation from sparse data, and 2) to show the usefulness
of incorporating a priori mathematical models in the processing
of experimental data corrupted by noise. The radial basis expan-
sion is used as the numerical approximation tool in the developed
method.

II. Method for Data Analysis: Regularization
by A Priori Mathematical Models
The popular Tikhonov regularization method> was originally
adopted for ANN systems by Poggio and Girosi® and extensively
used in ANN applications*? In this case, a set of constraints on the
network approximation f, (x, B) is introduced through the Tikhonov
regularization functional A[ f, (x, )], which specifies the penalty



